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Stability  Stability: the basic idea

Stability: the basic idea

@ A system is said to be stable if the output or state remains
bounded or goes to zero in some way for some conditions in
the input and the initial state.

@ This is not a definition of stability, for a definition of stability all
the conditions must be stated.

@ There are different stability criteria, each with a precise
definition of stability according to that criteria.
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Stability  Some stability criteria

Some stability criteria

@ Stability in the sense of Lyapunov.
e Asymptotic stability.

o Exponential stability.

@ BIBO stability.

o BIBS stability.
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Stability  BIBO stability

BIBO stability

o A system is Bounded Input Bounded Output stable (BIBO
stable) if the output is bounded for any bounded input assuming
zero initial state.

@ That is, given that u(t) is the input and y(t) is the output of a
system, such that y(¢) = ¢ {u(t)}, where J is the operator
that represent the system behavior, the system is BIBO stable if
for any L > 0 there exist M/ > 0 such that if ||u(t)|| < L then

ly @I < M.
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Stability  BIBO stability for LTI systems

BIBO stability for LTI systems

@ It can be shown that a linear time invariant system is Bounded
Input Bounded Output stable (BIBO stable) if and only if
the impulse response matrix is absolutely integrable, meaning
that fni [h(X)|ldXA < M for some M > 0 and for all ¢ > 0.

@ Than condition is equivalent to say that a linear time
invariant system is Bounded Input Bounded Output
stable (BIBO stable) if and only if all the system poles
have negative real part.
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Stability  BIBS stability

BIBS stability

o A system is Bounded Input Bounded State stable (BIBS
stable) if the state is bounded for any bounded input and any
bounded initial state.

@ That is, given that u(t) is the input and x(t) is the state of a
system, such that x(¢) = f (x(), u(t)), with x(0) = xo, the
system is BIBS stable if for any L > 0 and M > 0 there exist
N > 0 such that if [[u(t)|| < L and ||xo|| < M then
[Ix(®)|| < N for all t > 0.
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Stability  BIBS stability for LTI systems

BIBS stability for LTI systems

@ It can be shown that a linear time invariant system is Bounded
Input Bounded State stable (BIBS stable) if and only if the
state transition matrix is absolutely integrable, meaning that
T 1e(MldX < M for some M > 0 and for all ¢ > 0.

@ That condition is equivalent to say that a linear time invariant
system is Bounded Input Bounded State stable (BIBS
stable) if and only if all the eigenvalues of the system
matrix A have negative real part (in that case the matrix of
the system A is said to be Hurwitz).
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Stability  BIBS stability for LTI systems

BIBS stability for LTI systems

@ Notice that there could be some linear time invariant systems
which are Bounded Input Bounded Output stable but are
Bounded Input Bounded State unstable. However all linear time
invariant systems which are Bounded Input Bounded State
stable are also Bounded Input Bounded State stable.

@ This is due to the fact that not necessarily all the eigenvalues of
the system matrix A are system poles, however all the system
poles are eigenvalues of the system matrix A.
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Stability  Routh-Hurwitz stability criterion

Routh-Hurwitz stability criterion

@ Routh-Hurwitz stability criterion establish an easy way to check
whether all roots of a polynomial have negative real part or not.

o Consider the characteristic equation

P(s) = ans" + A" N pas" P 4 ag=0

o First check that all coefficients a; for i = 1,...,n are present
and have the same sign, if that is not true then not all the
roots have negative real part.

o If previous condition is met, then construct the Routh array

ap p_2 Qp_yg

Up—1 Gp-3 Gp_5

n2 | by by bs
Sla o e
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Stability  Routh-Hurwitz stability criterion

Routh-Hurwitz stability criterion

where
Ap—10p—2 — GpQp—3
by =—ln2 Tnn3
Ap—1
Ap—10p—q4 — Gplp—5
IS e M
Ap—1
c 71)1%73 — Qp1by
) =—————=
by
c 7b1(1n—5 — an1b3
g =———————
by
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Stability  Routh-Hurwitz stability criterion

Routh-Hurwitz stability criterion

@ If a zero is obtained in the first column of any row, it can be
changed by a small number, €, and continue the procedure
normally.

o Check the signs in the first column of Routh array.

o If there are no sign changes in the first column then all
the roots have negative real part.
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Stability  Nyquist stability criterion
Nyquist stability criterion

Consider the closed loop system shown in the figure

R(s) G(s) Y(s)

H(s)

@ The open loop transfer function, the transfer function of the
loop when the feedback loop is broken, is G(s)H(s).

o Given that lgn G(jw)H (jw) = constant, there is a relationship
among the number of zeros (Z) and poles (P) of 1+ G(s)H(s)
in the right hand side of the complex plane and the number of
clock-wise encirclements of —1 + jO of the Nyquist plot (V).
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Stability  Nyquist stability criterion

Nyquist stability criterion

The Nyquist plot is the result of plotting G(s)H (s) in the G(s)H (s)
complex plane (Im (G(s)H(s)) vs. Re(G(s)H(s))) when s follows
the Nyquist contour, shown in the figure

Nyquist plot
Nyquist contour . —
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Observability ~ Observability: the basic idea

Observability: the basic idea

@ A system is said to be observable if it is possible to know the
state of the system based on the knowledge of the input and the
output of the system.

@ If a system is observable, that means that it is possible to

estimate the state of the system based on its outputs using an
observer or a state estimator.
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Observability ~ Observability for linear time invariant systems
Observability for linear time invariant systems

o A linear time invariant system can be repressented by its Jordan canonical form

A 0 0 0 bip bia big b1m
0 X O ... 0 by bag bag ... by
qt)y=10 0 A 0| q(t)+ [bs1 b3z bsg b3.m | u(t)
00 0 An by buz by bn.m
-01.1 C2 C1,3 Cin diy dip dig dim
C21 G2 C23 ... Co2p doy dop dyz ... dom
y(t)= |1 32 C33 cn| q(t) + d31 dzp2 dss d3m u(t)
el Cp2 Cp3 Cpn d;,.x d;,.z d;;:& d,;.m

@ For all the system modes to be observable, all the state variables must be viewed
from the outputs, meaning that C,, must not have null columns.
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Observability  Observability for linear time invariant systems

Observability for linear time invariant systems

@ A general check of observability is obtained by looking at the
rank of the observability matrix defined as
C
CA
0= | CA? (1)

CA™!

@ It can be shown that a system is observable if and only if the
observability matrix is full rank, meaning that rank (0) = n.

universidad
84 _Pontificia
3L Bolivariana

© L. B. Gutiérrez (UPB) Stability, Observability, and Controllability 2025  19/26

Controllability
Outline
© Controllability
e o B universidad
@ Controllability: the basic idea H*ul’qnﬂfjcia
. . . . . 2L Bolivariana
@ Controllability for linear time invariant systems
© L. B. Gutiérrez (UPB) Stability, Observability, and Controllability

2025  20/26

Notes

Notes

Notes

Notes




Controllability  Controllability: the basic idea

Controllability: the basic idea

@ A system is said to be controllable if it is always possible to
determine an input signal that carries the state from any initial
condition to zero. For linear time invariant systems that is
equivalent to say that the system is said to be controllable if it
is always possible to determine an input signal that carries the
state from any initial condition to any desired state, meaning
that the system can always be controlled.

o If a system is controllable, that means that it is possible to

control the state of the system through its inputs using a
controller or a control system.
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Controllability ~ Controllability for linear time invariant systems

Controllability for linear time invariant systems

o A linear time invariant system can be repressented by its Jordan canonical form

At 000 0 b bip bis b1m
0 A2 0 0 bog bap bz ... bom

qt)y=10 0 A 0| q(t)+ [bs1 b3z bsg b3.m | u(t)

00 0 An by buz by bn.m

-01.1 C2 C1,3 Cin diy dip dig dim

C21 G2 C23 ... Co2p doy dop dyz ... dom
y(t)= |1 32 C33 cn| q(t) + d31 dzp2 dss d3m u(t)

el Cp2 Cp3 Cpn d;,.x d;,.z d;;:& d,;.m

@ For all the system modes to be controllable, all the state variables must be
connected to any of the inputs, meaning that B,, must not have null rows.

© L. B. Gutiérrez (UPB) Stability, Observability, and Controllability 2025 22/26

Controllability  Controllability for linear time invariant systems

Controllability for linear time invariant systems

@ A general check of controllability is obtained by looking at the
rank of the controllability matrix defined as

%=[B AB A’B ... A"'B] @)

@ It can be shown that a system is controllable if and only if the
controllability matrix is full rank, meaning that rank (¢) = n.
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Examples
Notes
Examples

Determine if the following systems are BIBO stable or not.

@ Systems modeled by the following differential equations, where
u(t) is the input signal and y(¢) is the output signal.

0 (D> -2D+1)y(t) = (D +1)u(t).

@ (D*+6D3+11D? 4 6D) y(t) = (D? + 8D + 16) uf(t).
@ systems modeled by the following transfer functions, where U (s)

is the Laplace transform of the input signal and Y(s) is the
Laplace transform of the output signal.

N Y(s) 2 +3s+7
® HO) =0 " Gr NG -3 61D

o H(s) Y(s) s (52 + 6s + 2)

- Ul(s) TPt bs 41
3 2 .
- M a4 2 410 | JRy

H(s = . HEAY
* H(» U(s) 285+ s +8s% + 652 + 25 + 12 % Bolivarang

© L. B. Gutiérrez (UPB) Stability, Observability, and Controllability 2025 25/26

Examples
Notes
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Consider the systems modeled in state space by

X(t) =Ax(t) + Bu(t)
y(t) =Cx(t) + Du(t)

where x(t) is the state vector, u(t) is the input vector and y(t) is the output vector,

10
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For each case do the following

i. Obtain the transfer matrix of the system.
ii. Determine if the system is BIBO stable.

iii. Determine if the system is BIBS stable. g Universidad
. L . Pontificia
iv. Determine if the system is observable. 3L Bolivariana

v. Determine if the system is controllable.
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