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Laplace transform

Definitions

Direct Laplace transform

o0

X(s) =Z{z(t)} = / z(t)e " dt

JOo~

Inverse Laplace transform

1 ctjoo

z(t) =L {X(s)} X(s)eds

25 Je oo

with ¢ + jw € ROC for all w € R, where ROC'is the region of
convergence of the Laplace transform of z(t), X (s).
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Laplace transform  Properties of the Laplace transform

Properties of the Laplace transform

x(t) X(s) =L {x(t)}
121 (1) + aso(t) | a1.X1(s) 4+ asXo(s)
a(t —t,) el”osX(s)
z(at) mX (g)

e "x(t) X(s+a)
ta(t) _HLX{,ES)

(1" a() A
@ S X (u)du

.
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Laplace transform  Properties of the Laplace transform

Properties of the Laplace transform

0] X(s) = Z{«®)} |
dx(t) ‘s
n sX(s) —x(07)

X(s) , JO_a(t)dt

O = [ e Nd | XEHEE)
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Laplace transform  Properties of the Laplace transform

Properties of the Laplace transform

Initial value theorem

z(0") = lim sX(s)

$—»00

Final value theorem

z(00) = lim sX (s)

50
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Laplace transform  Properties of the Laplace transform

Properties of the Laplace transform

Note that for the n — th derivative of a signal

2 { T = snx(s) = ha(0) 520 -

— 52 2(07) — 2™ D(07)

L [
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Laplace transform  Some useful Laplace transform pairs

Some useful Laplace transform pairs

x(t) X(s) =L {z(t)}
a(t) 1
1
1(t -
(t) :
r(t) =
& 1
— t>
p) = [l rar =97 =0 =
0 t<0 §
nl
P
1
(¢t
¢ ® s+a
t"e " 1(t) T 1
(s+a)™*
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Laplace transform  Some useful Laplace transform pairs
Some useful Laplace transform pairs
x(t) X(s) =2 {x(t)}
S
Cos (w,t) 1(t) o
- w5
Sin (wot) 1(t) 1wt
s+a
e~ Cos (wyt) 1(t —
(wat) 1) (s +a)” + w?
e~ Sin (wot) 1(t 17
g1 (s+a)’ + w?
2
te=*Cos (w,t) 1(t) M
[(s+a)’ +w?]
. 2w, (s + a)
te=*Sin (wot) 1(t) | ————F—
(w£) 10 [(s+ a)® + '1113]2 B
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Laplace transform  Some useful Laplace transform pairs

Some useful Laplace transform pairs

@ Next Laplace transform pairs are valid for 0 < ¢ < 1.

X(s)=Z{z(t)}

x(t)
w,

CZF’C""""S'W (u:,,\/l — (2/,) 1(¢)

w?
524 20w,,s +w?

s

e~SntSin (u:,, 1-C%t—Tan™! < R <2>> 1(t)

24 20w, +w?

w?

ZF’C"""'Sm (u:,,\/l —*t+Tan™! ( l{ <2>>] 1(t)

5(82+ 2w, s + w?)
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© Inverse Laplace transform
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Inverse Laplace transform

Inverse Laplace transform

@ To calculate the inverse Laplace transform the definition given
by equation (2) can be used, with complex variable theory tools.

@ Or the complex variable theory integral can be avoided using the
properties of the Laplace transform, and a table of Laplace
transform pairs.

@ |.e. the inverse Laplace transform of

_N(s) N(s)
Y(s) _Dﬁs) T (s :;’71)(5 —p2). ,(..(s ~ )

= +...4+ ’
S—p1 S—D2 S —Dn

o is y(t) = (crePt + coeP? + ... + c,ePrt) 1(1)

] §( Universidad

N(s) ) HBE{ poran

@ where ¢; = (s —pi)| s i=1...,n 3& " Bolivariana
D(s) .
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Examples of calculation of inverse Laplace transforms

Outline

© Examples of calculation of inverse Laplace transforms
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Examples of calculation of inverse Laplace transforms

Examples of calculation of inverse Laplace
transforms

Find the the inverse laplace transform in each case.
Q X(s)=4(1—e ).

Y(s)=——.
¥ Ts+1
Ks
& Zis) = s+w,
s+1
Y8 =7————.
O Ye) =i 6 13
(s +4s+3)e 3
Yl =ba——.
o YE) s34+ 352+ 35+ 2
s+ 55+6 §{ Universidad
& ¥ig= (94(r5)(92+9J)rl)' solvenona
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Frequency domain analysis with Laplace transform

Outline

@ Frequency domain analysis with Laplace transform
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R e
Frequency domain analysis with Laplace transform
@ For a linear time invariant system modeled by
(aﬂ,D” + a1 D" Mt ap oD 2 4. 4+ aD?*+ ;D + (1(7) y(t) =

(bmD™ + b D™ 4 L+ b1 D + bo) (),

@ The transfer function is given by
Y(s)  ZL{y®)}  bns™ +bmu1s™ +bu o™ 4.+ bys® +bis+ by

U(s)  Z{ul)} ApS™ + A 18"+ ap_2S"2 4+ .+ 282 + a1s + ag

assuming null initial conditions.
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Frequency domain analysis with Laplace transform

Frequency domain analysis with Laplace transform

o If we denote the transfer function of the system by H(s) we get
Y(s) _ 2 {y(0) )
U(s) L {u®)} yun rc

H(s) =

@ Therefore, we can write
Y(s) = }[;E::;U(s) = H(s)U(s) (4)

That is, the Laplace transform of the output signal is
obtained by multiplying the transfer function of the
system times the Laplace transform of the input signal.
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Frequency domain analysis with Laplace transform

Frequency domain analysis with Laplace transform

@ Other way to see the same.

@ The linear system can be modeled by a linear operator .7 such
that y(t) = A {u(t)}.

@ The input signal can be represented by its Laplace transform
using equation (2), i.e.

1 ct+joo
z(t) = — X(s)eds.
275 Je—joo
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Frequency domain analysis with Laplace transform
Frequency domain analysis with Laplace transform
@ Therefore, using the linearity of the system we get

y(t) = {=(t)}

1 perico
:)f{—/ X(s)e”d.‘;}
27J Jejoo

1 perico
X(s) {e*} ds

e—joo

1 C+jocX S
7%/F (s)H(s)e"ds

—joo

:m

1 ferico
= Y(s)etds
27y c—joo

% 4 Universidad
o Meaning that Y(s) = H(s)U(s), the same than before! Pontificla,
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Frequency domain analysis with Laplace transform

Frequency domain analysis with Laplace transform

@ Another way to see the same.
@ The output of a linear time invariant system can be calculated
using the convolution integral

y(t) = A {u(t)} = u(t) xh(t) = u(A)h(t — A)dA
where h(t) = 5 {5(t)} is the impulse response of the system.
@ Using convolution property of Laplace transform we get

Y(s) = £ {y(0)} = £ {ult) « h(t)} = 2 {u(t)} £ {h(1)}

o But Z{u(t)} =U(s) and Z {h(t)} = H(s)
o Therefore Y(s) = U(s)H(s) = H(s)U(s), the same than
before!
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Frequency domain analysis with Laplace transform

Frequency domain analysis with Laplace transform

® The use of equations (3) and (4) together with the use of
algebraic methods and a Laplace transform table, makes the
Laplace transform a very handy tool for the analysis of linear
time invariant systems.
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Frequency domain analysis with Laplace transform

Frequency domain analysis with Laplace transform

Time domain

u(t) —{ () o 3(6) = (o)} = ult) xh(t)

U(s) —| H(s)—> Y(s) = H(s)U(s)

Frequency domain
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Examples

Example 1: step response of a first order system

Find the step response of a first order system modeled by
(rD+1)y(t) = Kuft),
where wu(t) is the input signal and y(t) is the output signal.

The step response is the response of the system when the input
signal is a step, i.e. u(t) = 1(t)

g Upicersidad

&8 _Pontificia

3L Bolivariana

© L. B. Gutiérez (UPB) Frequency Domain Analysis 2025  25/41
Examples

Example 2: step response of a second order
system: overdamped case

Find the step response of a second order system modeled by
(D? +2CwaD +w2) y(t) = Kwiu(t),

where u(t) is the input signal and y(¢) is the output signal. In this
case assume that ¢ > 1 (overdamped case).
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Examples

Example 2: step response of a second order
system: critically damped case

Find the step response of a second order system modeled by
(D? + 26w, D +w?2) y(t) = Kw?u(t),

where w(t) is the input signal and y(t) is the output signal. In this
case assume that ¢ =1 (critically damped case).
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Examples

Example 2: step response of a second order
system: underdamped case

Find the step response of a second order system modeled by
(D? + 2(w, D +w?) y(t) = Kw?u(t),

where wu(t) is the input signal and y(t) is the output signal. In this
case assume that ¢ < 1 (underdamped case).
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Examples

Example 3: use of initial and final value theorem

Consider the feedback control system represented by the block
diagram shown in the figure.

E(s)

R(s) — c(s)l>{ G(s) > Y (s)

The control system error is e(t) = r(t) — y(t).
@ Determine the initial value of the error, ¢ (0*) = ilirlg e(t), when
the reference signal, r(¢), is a step signal.
© Determine the steady state error, e,, = fh};o e(t), when the
reference signal, r(t), is a step signal.
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Examples

Example 4: response of a third order system

Find the response of a system modeled by
(D® +8D*+ 17D +10) y(t) = (D + 2) u(t),

where wu(t) is the input signal and y(t) is the output signal. Consider
these cases

0 ut) = 1()
Q u(t) =r(t)
Q ut)=¢e"1(t)
Q u(t) =e21(t)
Q u(t) = sin(5t) 1(t)
4 — ot & universidad
Q u(t) =e ‘cos (3t) 1(t) pPontiicia
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Frequency domain solution of the state space equations

Outline

© Frequency domain solution of the state space equations
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Frequency domain solution of the state space equations

Frequency domain solution of the state space
equations

For linear time invariant systems the state space representation will
be of the form

x(t) =Ax(t) + Bu(t) (5)
y(t) =Cx(t) + Du(t) (6)
where A, B, C, and D are constant matrices.
e With u(t) e R™, y(t) € R?, x(t) € R"
@ Therefore, A € R™", B € R, C € RP*", and D € RP*™,
M U

3L Bolivariana
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Frequency domain solution of the state space equations

Frequency domain solution of the state space
equations

Analyzing a system behavior in the frequency domain is finding
the solution of the state equations, X(s) = .2 {x(t)} given that
U(s) = Z{u(t)} is known and the initial state x(to) = X is
known.

For simplicity t is selected as zero.

So, the analysis problem in the frequency domain is to solve the
equation (5) for X(s) given the input vector U(s) and the initial
state x(0) = xo.

After solving for the state vector in the frequency domain, X(s),
the output vector, Y(s), can be determined from out=1ll

niversidad
equation (6).

Pontificia
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Frequency domain solution of the state space equations

Frequency domain solution of the state space
equations

Applying the Laplace transform to the state space equation, equation (5), we
get

Z{%(t)} =< {Ax(t) + Bu(t)}
sX(s) —x(0) =AX(s) + BU(s)

Therefore,
(sI — A) X(s) = x(0) + BU(s)

Solving for X(s),
X(s) = (sT— A) " x(0) + (s — A)" BU(s)

And replacing in the output equation, equation (6), after taking the Laplace

transform, the output is obtained
y 3 upierided
Y(s) =C(sI—A)"'x(0) + [C(sI - A)" B +D] U(s) 2L Bolivariana
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Frequency domain solution of the state space equations

Frequency domain solution of the state space
equations

In summary

where

B(s) =(sT— A)~"
H(s) =C®(s)B +D
o ®(s) is the state transition matrix of the system. 4ug-;)v§ﬁr§giaad

e H(s) is the transfer matrix of the system. =& Bolvariana
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Frequency domain solution of the state space equations

Frequency domain solution of the state space
equations

In summary

To find the time domain representation of the state and the output
take the inverse Laplace transform

x(t) = 2 {X(s)} =2 {®(s)x(0) + B(s)BU(s)}  (7)
y(t) =L H{Y(s)} =2 {C®(s)x(0) + H(s)U(s)}  (8)
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Frequency domain solution of the state space equations

Retationship with time domain solution of the
state space equations

Te state space model solution in the time domain for the state vector
is given by
t
x(t) = efxg + / At VBu(\)d. (9)
Jo
And the output of the system is obtained as

t
y(t) = Cerlxq + / Ce2=VBu(\)d\ + Du(t). (10)
Jo

MR Upisrican
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Frequency domain solution of the state space equations
Retationship with time domain solution of the
state space equations

Note that applying the inverse Laplace transform to equations (7)
and (8), equations (9) and (10) are obtained taking into account that

ZL{er} =(sI-A)"! (11)
and
L7H(sI-A) '} =M (12)
Therefore the state transition matrix in the frequency domain is
B(s) = (sI—A)", (13)
and the same state transition matrix in the time domain is
(/j(t) = eAiv (14)
such that ®(s) = .2 {¢(t)} and ¢(t) = L {®(s)}.
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Examples
Examples |

Consider the linear time invariant system modeled by the differential
equation
(D*+5D+6) y(t) = (D +1)u(t)
For this system do the following
@ Obtain the observable canonical form of the state space model.
Obtain the controllable canonical form of the state space model.

2]

© Obtain the Jordan canonical form starting from the observable
canonical form of the state space model.

@ Obtain the Jordan canonical form starting from the controllable
canonical form of the state space model.

o

For each form of the state space model do the foIIowi‘{i{“S';)",fﬂ‘ﬂS{‘ﬂd
25 Bolivariana
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Examples

Notes
Examples Il

® Calculate the state transition matrix of the system in the
frequency domain.

© Calculate the transfer transfer matrix of the system.
© Using frequency domain methods calculate the state and output

responses of the system when the input is a step signal,

u(t) = 1(t), and the initial state is zero, x(0) = [0 O}T. Do
this using each of the three forms obtained for the state space

model of the system.
@ Using frequency domain methods calculate the state and output

responses of the system when the input is zero, u(t) = 0, and
the initial state is, x(0) = [1 —I}T. Do this using each of the

universidad
Pontificia

three forms obtained for the state space model of thﬁﬁstem.
2L Bolivariana
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