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Block diagram models
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Block diagram models

Block diagram models

@ A block diagram is a graphical representation of the relationships
among the parts of a system.

Usually block diagrams are composed of blocks and directed
arrows.

Blocks represent the parts of a system (subsystems or system
components).

Directed arrows connect the blocks and represent the flow of
information between blocks.

Directed arrows can be associated with signals and blocks can
be associated with systems or subsystems.

@ Block diagrams can be used as a model of the system when the
behavior of the blocks and the meaning of the directed arrows
are clearly stated.
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Block diagram models

Block diagram models

An example of a block diagram for MCF52235 microcontroller
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Block diagram models for linear time invariant systems
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Block diagram models for linear time invariant systems

Block diagram models for linear time invariant
systems

o For linear time invariant systems each block can be modeled by
a set of differential equations, a state space model or a transfer
function (or matrix).

@ Directed arrows represent signals connecting blocks.

@ Arrows going into a block represent input signals for that block.

@ Arrows going out of a block represent output signals for that

block.
@ Arrows can be derived when the same signal goes to several
blocks. niversidad
84 _Pontificia
3L Bolivariana
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Block diagram models for linear time invariant systems ~ Adders

Adders

X1 X1+ x2 X1 —»Q—>» X1 +x2
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Block diagram models for linear time invariant systems  Series connection

Series connection

R(s) Y(5) = () Ha(s)R(s)
Il

R(s) Hi(s)Ha(s) Y(s) = Hi(s)Ha(s)R(s)
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Block diagram models for linear time invariant systems  Parallel connection

Parallel connection

Y(s) = (H(s) + Ha(s)) R(s)

R(s) H,(s) + Ha(s) Y(s) = (Hi(s) + Ha(s)) R(s)
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Block diagram models for linear time invariant systems ~ Feedback connection

Feedback connection
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G(s) G(s)
R(s)—» ———~L | y(s)=———L R
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Block diagram models for linear time invariant systems  Block diagrams algebra

Block diagrams algebra

As)—>G(s) G(s)A(s) — B(s)
{EB(A‘)

A(s) G(s) —»G(s)A(s) — B(s)

1
G(s)

«—— B(s)
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Block diagram models for linear time invariant systems

Block diagrams algebra

Block diagrams algebra

A(s5)—>{G(s)

G(s) —>G(s)A(s)

G(s) —>G(s)A(s)
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Block diagrams algebra
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Block diagrams algebra

A (S) G(S)

»G(s)A(s)

»A(s)

G(s)A(s)
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Block diagram models for linear time invariant systems

Block diagrams algebra

Block diagrams algebra

G(s)

> Y(s) R(s)

T 1+GWH()
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Mason's gain formula
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Mason’s gain formula

Mason's gain formula

This is a formula to calculating the transfer function for a block
diagram or a signal flow graph.

with
Als) =1— Z Li(s)+ > Li(s)L;(s) = > Li(s)Ly(s) Lu(s) + . .
T Ty
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Mason's gain formula

Mason's gain formula

Where
A(s) is the determinant of the graph,
G(s) is the transfer funtion from input R(s) to output Y'(s),
R(s) is the input signal,
Y (s) is the output signal,

n is the number of forward paths between R(s) and Y'(s),
7k(s) is the transfer funtion for kth forward path between R(s) and
Y (s),

L;(s) is the loop gain of each closed loop in the system,
Li(s)L;(s) is the product of the loop gains of any two non-touching loops,
Li(s)L;(s)Lx(s) is the product of the loop gains of any three pairwise

nontouching loops,
Ay(s) is the the cofactor value of A(s) for the kth forward path, with
the loops touching the kth forward path removed.
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Examples

Example 1: block diagram for permament magnet

DC motor
Where:

v, : voltage across armature winding (input signal)

v

i, : current through armature winding [=]A.

R, : armature winding resistance [=]().
Ly Ra L, : armature winding inductance [=]H.
w : angular velocity in motor axis (output signal)

i T Va [=]rad/s.

= = J : moment of inertia of rotating parts of the motor

[=lkg.m?.

J
\@3 B : viscous friction coefficient of rotating parts of the

motor [=]kg.m?/s.

v; = Kw : voltage induced in the armature [=]V. K is a

constant associated with the motor.

7= Kni, : torque produced by the motor [=]N - m. n is the

efficiency of the motor (0 <7 < 1).
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Example 2: RLC electrical circuit

u(t) : source voltage [=]V.
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y(t) : output voltage (voltage across L or C') [=]V.

R : electrical resistance [=]Q.
L electrical inductance [=]H.
C

: electrical capacitance [=]F.
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Example 3

Obtain the transfer function of this system:

© L.B. Gutiérez (UPB) Block Diagram Models

Examples

Example 4

R(s)

()

s(ts+1)

Obtain the following transfer functions for this system:

° Y(s)
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Some forms of the state space representation for linear time
invariant systems
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© Some forms of the state space representation for linear time
invariant systems
@ Observable canonical form
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@ Jordan canonical form
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Some forms of the state space representation for linear time
invariant systems

State space representation of linear time invariant
systems

For linear time invariant systems the mathematical model will be of
the form

Xx(t) =Ax(t) + Bu(t) (1)
y(t) =Cx(t) + Du(t) (2)

where A, B, C, and D are constant matrices.
o Note that u(t) € R™, y(t) € R?, x(t) € R"
@ Therefore, A € R™", B € R, C € RP*", and D € RP*™,
Uuniversidad
&84 Pontificia

3L Bolivariana
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Some forms of the state space representation for linear time
invariant systems

Some forms of the state space representation for
linear time invariant systems

@ The mathematical representation in state space of a system is
not unique given that the state can be represented in infinite
ways: one for each base of the state space.

Let q(t) be another representation of the state for the same
system modeled by equations (1) and (2).

Let W € R™™™ be the transformation matrix such that

x(t) = Wq(t) ®3)

o Note that W must be a invertible matrix.
@ Replacing equation (3) in equations (1) and (2),
Wq(t) =AWq(t) + Bu(?) ugiversidad
17 o) ntificia
y(t) :CWq(t) + Du(t) 2L Bolivariana
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Some forms of the state space representation for linear time
invariant systems

Some forms of the state space representation for
linear time invariant systems

@ Therefore,

q(t) =W 'AWq(t) + W 'Bu(¢)
y(t) =CWq(t) + Du(t)
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Some forms of the state space representation for linear time
invariant systems

Some forms of the state space representation for
linear time invariant systems

In Summary

q(t) =A'q(t) + B'u(t) (4)
y(t) =C'q(t) + D'u(t) (5)
with
A =W AW
B =W'B (6)
C'=CW
D' =D % | universidad
L iy
@© L. B. Gutiémez (UPB) Block Diagram Models

2025  20/45

Some forms of the state space representation for linear time
invariant systems

Some forms of the state space representation for
linear time invariant systems

Let's discuss three common forms of the state space representation
of a linear time invariant system.

@ For SISO systems

e Observable canonical form.
o Controllable canonical form.

@ For any system (SISO/MIMO)

e The Jordan canonical form.
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Some forms of the state space representation for linear time
invariant systems  Observable canonical form

Observable canonical form

@ Consider a linear time invariant system modeled by the
differential equation

(D™ + ana D"+ L ag) y(t) =
(b D™ + by D™ A bo) u(t), (7)
where a,, has been assumed to be one and m = n without loss of
generality.
@ The transfer function is given by
Y (s) _ bps™ + by 18"+ ..+ by ®)
Ul(s) S* 4 ap 18" T4t ag -

niversidad
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Some forms of the state space representation for linear time
invariant systems  Observable canonical form

Observable canonical form

@ Solving for s™Y(s)
'Y (8) = by8"U(S) — apo18" Y (8) + b1 8" U(S) + ... — agY (s) + boU(s)

o Integrating n times (multiplying by s™"),
1 ! 1
Y(s) = b.U(s) + S (7(7,”,1)’(5) + b1 U(s) + S ( . S (—aoY (s) + an(s))>>
(9)
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Some forms of the state space representation for linear time
invariant systems  Observable canonical form

Observable canonical form

e Equation (9) can be represented by the block diagram

Uls)
g Upicersidad
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Some forms of the state space representation for linear time
invariant systems  Observable canonical form

Observable canonical form

o Defining the state variables as shown

Uls)
g Upiversidad
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Some forms of the state space representation for linear time
invariant systems  Observable canonical form

Observable canonical form

@ The state and output equations are obtained

21(t) = — an—121(t) + z2 + (bp—1 — @p—1bp) u(t)
To(t) = — apn—2®1(t) + 3 + (b2 — @p_2by) u(t)

Tn—1(t) = — arz1(t) + @y + (by — a1by) u(t)
I (t) = — a1 (t) + (bo — agby,) u(t)
y(t) =1(t) + byult)

4 Pontificia
3L Bolivariana
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Some forms of the state space representation for linear time
invariant systems  Observable canonical form

Observable canonical form
@ So the observable canonical for is given by the state and output equations

Xx(t) =Ax(t) 4+ Bu(t)
y(t) =Cx(t) 4+ Du(t)

@ with
—ap-1 10 0
—ap2 01 ... 0 Zn—i - ﬂu—xzu
—ay-3 0 0 0 n-2 — Gn—20n
A= bp—3 — @n-3bp
: B= . (10)
—a 00 ... 1 :
—a 0 0 0 Zl = Zl:u
0 — Aobn
C=[100 0]
D =[]
,‘I.lnivers!dad
Pontificia
Bolivariana
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Some forms of the state space representation for linear time
invariant systems  Controllable canonical form

Controllable canonical form

@ Reconsider a linear time invariant system modeled by the transfer
function
Y(s)  bus"+ by 18" 4.+ by
U(s)  s"+a, 15" 1+...4+ap

@ This transfer function can be split into two transfer functions connected
in series this way

Y(s) _Y(s) Yi(s)

U(s) ~%i(s) U(9)

= (bns" +bs" T L+ bl,)

1

S+ 18" 4+t ag

MR Upisrican
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Some forms of the state space representation for linear time
invariant systems  Controllable canonical form

Controllable canonical form

So
Y(s) _ Y (s) Yi(s)
U(s) ~ Yi(s) U(s)
IAOIESUN0)
U(s —_
© —5g R
where
Yi(s) 1
= 11
U(s) s"+ap1s" ' +...4+aq (1
Y(s) a0
=b,s" +b,_18" "+ ...+ b 12
7 1 ' (12)
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Some forms of the state space representation for linear time
invariant systems  Controllable canonical form

Controllable canonical form
e Equation (11) can be rewritten as

5"Y1(8) = —@n-18""Y1(8) — @n28""2V1(8) — ... — agYa(s) + U(s).

o Which leads to the block diagram

S"Yi(s)

ST SR e [T 6 [T -
= = d

[
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Some forms of the state space representation for linear time
invariant systems  Controllable canonical form

Controllable canonical form

e Using equation (12) we can complete the block diagram as

s Yi(s) o (s)
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Some forms of the state space representation for linear time
invariant systems  Controllable canonical form

Controllable canonical form

@ Defining the state variables as shown
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Some forms of the state space representation for linear time
invariant systems  Controllable canonical form

Controllable canonical form

@ The state and output equations are obtained

y(t) =z
y(t) =3
Fn-1(t) =2n
a(t) = — apz1(t) — a1z2(t) — ... — @po1 2 (t) +u(t)

y(t) = (bo — aobn) z1(t) + (b1 — aiby) T2(t) + ... + (bp-1 — an-1bn) Ta(t)

MR pisican
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Some forms of the state space representation for linear time
invariant systems  Controllable canonical form

Controllable canonical form
@ So the controllable canonical form is given by the state and output equations

x(t) =Ax(t) 4+ Bu(t)
y(t) =Cx(t) 4+ Du(t)

@ with
0 1 0 0
0o 0 1 0 0
0 0 0 0
A= 0
: B=|. (13)
0 0 0 ... 1 :
0
—Qy —ap —az —Qp—1 1
C=|bg—agby br—aiby by—asby ... by1—an_1by
[ 0 — Qo 1~ ay 2 — Q2 1~ Ap-1 } D= [b”}
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Some forms of the state space representation for linear time
invariant systems  Jordan canonical form

Jordan canonical form

@ The matrix of transformation W' can be selected such that the
new state equations in terms of the new state vector,
q(t) = W~x(t), are uncoupled, that is the new matrix
A’ = W AW be diagonal.

@ Such matrix is the matrix whose columns are the eigenvectors of
matrix A.

e That is, if v; are the eigenvectors and ); are the eigenvalues of
matrix A, such that

Avi=\vy, fori=1,...,n

@ Assuming the case in which all the eigenvalues are
different, it can be shown that the eigenvectors are linearly
independent.

@ In this case the matrix of transformation will be {Upiersidad

Bolivariana

W=P= [vl Vo ... vn]
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Some forms of the state space representation for linear time
invariant systems  Jordan canonical form

Jordan canonical form

@ The Jordan canonical form is the form of the state equations in which the state
variables are uncoupled so the matrix of the system is diagonal.

@ This form is obtained by transforming any form of the states equations with the
transformation matrix P = [Vl Vo ... Vn].

@ In the Jordan canonical form the state and output equations are

4(t) =Aq(t) + Bau(t) (14)
¥(t) =Cnq(t) + Dau(t) (15)
with
A =P71AP = diag (M, Mg, - - -, %)
B.=P'B (16)
Cs =CP
D, =D
MR s
2L Bolivariana
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